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Stationary and axisymmetric solutions of relativistic rotating stars with strong mixed poloidal and
toroidal magnetic fields are obtained numerically. Because of the mixed components of the magnetic
field, the underlying stationary and axisymmetric spacetimes are no longer circular. These configu-
rations are computed from the full set of the Einstein-Maxwell equations, Maxwell’s equations and
from first integrals and integrability conditions of the magnetohydrodynamic equilibrium equations.
After a brief introduction of the formulation of the problem, we present the first results for highly
deformed magnetized rotating compact stars.
Introduction: Neutron stars (NS) with strong surface
magnetic fields around 1014 − 1015G are considered as
the source of soft gamma repeaters and anomalous x-ray
pulsars [1]. The widely accepted magnetar model stim-
ulated an interest in constructing solutions of strongly
magnetized relativistic rotating stars. Numerical com-
putations of such magnetized stars are useful tools for
investigating allowed configurations of the interior mag-
netic fields, or a limit of the strength of the fields. In
particular, compact stars with stronger magnetic fields
could model newly born magnetars (see, e.g.[2]).
An approach for studying magnetized rotating neutron
stars is to obtain their equilibrium configurations. Sta-
tionary and axisymmetric solutions of rotating relativis-
tic stars with strong poloidal fields have been success-
fully calculated in [3], and with toroidal fields in [4, 5].
In these computations, the spacetime is assumed to be
orthogonally transitive (circular – invariant under a si-
multaneous inversion of t → −t, and φ → −φ), because
the configuration of magnetic fields is restricted to either
purely poloidal or toroidal fields and the velocity field is
to circular [6–9] A relativistic formulation for more gen-
eral magnetized relativistic stars with mixed poloidal and
toroidal fields has been derived by Bekenstein and Oron
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[10]. The formulation has been used to obtain slowly ro-
tating and weakly magnetized solutions [11, 12], and has
been improved for obtaining more stable solutions [13].
More recently, numerical solutions for mixed poloidal and
toroidal fields have been obtained under a simplified rel-
ativistic gravity[14].1
In this paper, we present a formulation and numerical
solutions for rapidly rotating relativistic stars with strong
mixed poloidal and toroidal magnetic fields. Our solu-
tions extend the above works [11–14] to highly deformed
configurations as a result of rapid rotation and stronger
magnetic fields, which can not be calculated from per-
turbative methods. We assume stationarity and axisym-
metry of the gravitational, electromagnetic and matter
fields, but we do not assume the spacetime to be circular,
or spatially conformally flat. Moreover our new method
of solving Einstein’s and Maxwell’s equations are not re-
stricted to axial symmetry. The first integrals of a sys-
tem of relativistic magnetohydrodynamic (MHD) equa-
tions are derived assuming the above symmetries as well
as perfect conductor conditions [10, 11, 15], and solved
to obtain self-consistent, non-perturbative, equilibrium
configurations for the first time.
The existence and stability of mixed poloidal and
toroidal magnetic fields in compact stars is supported by
a number of recent simulations of magnetized rotating
stars [16]. It is demonstrated that such stable config-
urations of mixed fields are reached from arbitrary ini-
1 They have assumed the form of spacetime metric to be ds2 =
−α2dt2 + ψ4fijdxidxj , where fij is a flat spatial metric.
2tial data. Several groups have been developing relativis-
tic MHD simulation codes, and have performed some,
rather preliminary, simulations of magnetized compact
stars [17]. Our equilibrium solutions provide initial data
for such simulations aiming to obtain stable configura-
tions of strongly magnetized compact stars. The sta-
bility of equilibrium solutions may be determined from
approaches complementary to the simulations, such as an
application of a linear perturbation method described in
[18].
In this paper, we use G = c = 4πǫ0 = 1 units unless
otherwise specified. Greek indices, α, β, ... are used for
spacetime tensors, lower case latin indices, a, b, ... for 3-
dimensional spatial tensors, and upper case Latin indices,
A,B, ... for 2-dimensional spatial tensors in a meridional
plane. The exterior derivative of a 1-form wα is denoted
by (dw)αβ = ∇αwβ −∇βwα.
Formulation: A relativistic rotating star with both
poloidal and toroidal magnetic fields (and possibly with
electric fields and/or meridional flows) can be modeled
by Einstein-Maxwell charged magnetized perfect-fluid
spacetimes. Although stationarity and axisymmetry is
assumed for spacetime, electromagnetic fields and mat-
ter, such spacetimes cannot be circular.2 Such non-
circular spacetimes have been calculated in the slow ro-
tation and weak magnetic field limit as in [11–13], and in
the fully nonlinear regime for non-magnetized compact
star with large meridional flow in [24]. A proposed for-
mulation for computing non-circular spacetimes invokes a
2+1+1 spacetime decomposition [24, 25]. Here, instead
of this formulation, we use the one developed in [26],
which is based on a 3+1 decomposition and has been
successfully applied for computing waveless initial data
for binary neutron stars (BNS) [27].
The spacetime (M, gαβ), M = R × Σ, is foliated by
a family of spacelike hypersurfaces Σt = χt(Σ0) where
the hypersurface Σ = Σ0 is an initial slice. The diffeo-
morphism χt is generated by the time symmetry vector
tα, so Σt are identical for any t. The timelike vector
tα is tangent to the curves t → (t, x) ∈ R × Σ, and
is related to the future-pointing normal nα of Σt by
tα = αnα+βα, where α is the lapse and βα the shift satis-
fying βαnα = 0. The projection tensor γαβ = gαβ+nαnβ
restricted to a slice Σt is equal to a spatial metric γab(t)
on Σt. We introduce a conformally rescaled spatial met-
ric γ˜ab = ψ
−4γab whose decomposition is specified by
the condition det γ˜ab = det fab, where fab is a flat met-
ric on Σt. Then, the metric gαβ in 3+1 form becomes
ds2 = −α2dt2 + ψ4γ˜ab(dxa + βadt)(dxb + βbdt).
2 Stationary and axisymmetric spacetime is called circular if the
2-planes orthogonal to two killing vectors tα and φα is integrable.
The derivation of the metric for circular spacetime is found in
[6, 8, 9, 19–22]. It relies on the vanishing twists of two killing vec-
tors tα and φα, t[αφβ∇γtδ] = 0 and t[αφβ∇γφδ] = 0 (Frobe-
nius conditions), which are no longer satisfied for the spacetime
associated with mixed poloidal and toroidal fields [7, 23].
The metric potentials {ψ, βa, α, γ˜ab} are solved from
the respective components of the 3+1 Einstein-Maxwell
equations, which consist of the Hamiltonian and mo-
mentum constraints, the spatial trace part of Einstein-
Maxwell equations, and those of the spatial tracefree
parts, respectively (see e.g. [26, 28, 29]). As for coor-
dinate conditions, maximal slicing K = 0 and the spa-
tially transverse condition (Dirac gauge)
◦
Dbγ˜
ab = 0 are
imposed, where K is the trace of the extrinsic curvature
Kab := − 12α (∂t − £β)γab of a slice Σt.
◦
Da is the covari-
ant derivative with respect to the flat metric fab, and
£β is the Lie derivative along the shift β
a defined on Σt.
As discussed in [26, 28, 29], all metric components have
Coulomb type fall off if the condition ∂tγ˜
ab = O(r−3) is
imposed. For the present case, the stationarity condition
∂tγ˜
ab = 0 is imposed which is the same condition used in
our previous computations for BNS data [27]. Finally, we
solve for the Cartesian components of the spatial vector
and tensor equations for βa and γ˜ab, which are written as
3-dimensional Poisson equations with nonlinear sources.
An analogous formulation is applied for solving
Maxwell’s equations. The electromagnetic 1-form Aα
is decomposed in 3+1 variables ΦΣ = −Aαnα, and
Aa = γa
αAα, and the projections of Maxwell’s equations
onto Σt as well as along the normal n
α to Σt are written
in terms of 3+1 variables {ΦΣ, Aa}. Imposing the sta-
tionarity condition £tAα = 0,
3 and the Coulomb gauge
condition
◦
DaAa = 0, Maxwell’s equations reduce to Pois-
son equations for {ΦΣ, Aa} with nonlinear sources.
As mentioned above, gauge conditions for the met-
ric and the electromagnetic fields consist of the max-
imal slicing K = 0, the generalized Dirac gauge con-
dition
◦
Dbγ˜
ab = 0, and the Coulomb gauge condition
◦
DaAa = 0. The condition K = 0 can be imposed ex-
plicitly by replacing Kab with its tracefree part Aab =
Kab − 13γabK in the above equations. To impose the
other two gauge conditions, we introduce the gauge po-
tentials ξa for the Dirac gauge and ξ for the Coulomb
gauge, with which the field variables are transformed as
γ˜ab′ = γ˜ab− ◦Daξb− ◦Dbξa+ 2
3
fab
◦
Dcξ
c and A′a = Aa−
◦
Daξ,
and let γ˜ab′ and A′a satisfy the gauge conditions [27]. For
the case of Coulomb gauge, a substitution of A′a to the
gauge condition yields an elliptic equation for the gauge
potential ξ,
◦
Da
◦
Daξ =
◦
DaAa. This equation and an anal-
ogous one for ξa are solved simultaneously with the field
equations at each cycle of iteration, and then the fields
γ˜ab and Aa are modified according to the above gauge
transformations.4
The ideal MHD system of equations includes the MHD-
Euler equation, the rest mass conservation equation, and
3 The Lie derivative £t along the vector tα is defined on M.
4 In the formulation [28, 29], the Dirac gauge condition is imposed
on Einstein’s equation explicitly to isolate two independent vari-
ables to be solved from dynamic equations.
3the perfect conductivity condition. The numerical inte-
gration of these partial differential equations, from which
time derivative terms are eliminated in order to obtain
equilibrium solutions, is technically challenging. Under
the assumptions of stationarity and axisymmetry, how-
ever, one can find a set of integrability conditions and
algebraic relations that the fluid variables must satisfy.
Such a formulation for the system of relativistic ideal
MHD equations is found in [10, 11, 13], and a fully co-
variant geometric formulation is derived in our previous
work [15]. We rewrite the formulation in [10, 11, 13]
as suited to our numerical method. We introduce the
basis, {tα, φα, eαA}, associated with the coordinates t, φ
and two other spatial coordinates xA, where t and φ are
chosen along the symmetry vectors tα and φα and nor-
malized as tα∇αt = 1, φα∇αφ = 1, and eαA∇αxB = δAB,
where δBA is the Kronecker delta. For example, the elec-
tric current density jα expanded on this basis is de-
noted by jα = jttα + jφφα + jAeαA, and the 4-velocity
by uα = uttα + uφφα + uAeαA. We also introduce the
projection tensor σa
b = γa
b − φb∇aφ: any spatial tensor
is projected onto a φ = constant surface via σA
a.
For a relativistic magnetized (and charged) perfect
fluid with infinite conductivity, the flow always becomes
isentropic. From the isentropic flow condition, the rest
mass conservation equation, and the projection of the
perfect conductivity conditions along the symmetry vec-
tors tα and φα, we derive conditions for the entropy S,
the weighted stream function of meridional flow
√−gΨ,
and the t and φ components of the electromagnetic po-
tential 1-form Aα, to be functions of a master potential
Υ, S = S(Υ),
√−gΨ = [√−gΨ](Υ),5 At = At(Υ) and
Aφ = Aφ(Υ), which will be referred to as integrability
conditions.6 The remaining meridional components of
the perfect conductivity condition and MHD-Euler equa-
tions (together with the normalization of the 4-velocity)
yield a set of algebraic relations that we call first inte-
grals. As a consequence of the two symmetries, any exact
2 form does not have tφ-component.
A common strategy for computing stationary axisym-
metric equilibria of the matter and electromagnetic fields
under the above integrability conditions is to derive the
master equation, called transfield equation, for the mas-
ter potential Υ by eliminating redundant variables from
the first integrals and the Maxwell equations. The trans-
field equation may be further simplified to a well-known
Grad-Shafranov equation by imposing Υ = Aφ and√−gΨ = constant. Either relation is an elliptic equa-
tion, defined on a φ = constant plane, to be solved for
the potential Υ or Aφ (see e.g. [10, 11, 13, 15]).
5 See Eq. (6) for a definition of the stream function for the merid-
ional velocity fields uA.
6 The integrability itself does not constrain the relation between
each quantity of S,
√−gΨ, At, Aφ, and the master potential Υ,
although a solution may not always exist for a certain relations
that chosen arbitrarily, or a certain range of parameters involved
in the relations.
In our formulation, we do not solve such a master equa-
tion, but instead solve the first integrals and Maxwell’s
equations simultaneously. For the sources of Maxwell’s
equations, we rewrite the current density jα using the
first integrals derived from the MHD-Euler equation,
hereafter assuming Υ = Aφ for simplicity,
jA
√−g = ([√−gΨ]′′huφ + [
√−gΛφ]′
)
δABBB
− [√−gΨ]′δABωB, (1)
jφ
√−g + A′t jt
√−g = ([√−gΨ]′′huφ + [
√−gΛφ]′
)
Bφ
− [√−gΨ]′ωφ − (A′′t huφ + Λ′) ρut
√−g, (2)
where BB and ωB are defined by FAφ = ∂AAφ =
−ǫABBB and d(hu)Aφ = ∂A(huφ) = ǫABωB, respec-
tively, ǫAB is an anti-symmetric tensor whose signature is
defined as ǫ12 = −1, and Bφ is defined by ǫABBφ = FAB.
Here, FAφ, and FAB are the components of the Faraday
tensor Fαβ = (dA)αβ , u
α is the 4-velocity, ρ the rest
mass density and h = (ǫ+ p)/ρ the relativistic enthalpy,
where ǫ is the energy density and p is the pressure. In the
above current, Λ and
√−gΛφ are arbitrary functions of
Υ (= Aφ for present case) appearing in the first integrals
of the t and φ components of the MHD-Euler equation.
As shown in Eq. (2), the t and φ components of the 4-
current are not independent. This is a consequence of
one of the integrability conditions that relate the At and
Aφ components to each other, At = At(Aφ). We use
the t-component of Maxwell’s equations to determine jt,
which is written 4παjt = DaF
a = ψ−6
◦
Da(ψ
6F a). The
components F a = γaαF
αβnβ of the Faraday tensor Fαβ
involve the prescribed function At(Aφ). The calculated
quantity jt is then substituted into Eq. (2) to obtain jφ
for the source, in order to integrate the spatial compo-
nents of Maxwell’s equations. It should be noted that, in
the perfect MHD case, the current jα is not an indepen-
dent variable; we introduce jα as an auxiliary variable to
derive a formulation suitable for our numerical integra-
tion scheme.
Assuming a one-parameter equation of state p = p(ρ),
we choose the relativistic enthalpy h as the only inde-
pendent thermodynamic variable. The matter variables
{h, uα} are solved respectively from a first integral of
the MHD-Euler equation, the normalization of 4-velocity
uαu
α = −1, the integrability condition of the perfect
conductivity condition, and the rest mass conservation
equation, as
h = Λ (ut −A′tuφ)−1 (3)
ut = [−gαβ(tα + vα)(tβ + vβ)]−1 (4)
uφ =
[
√−gΨ]′Bφ
A′φρ
√−g −
A′t
A′φ
ut (5)
uA =
1
ρ
√−g ǫ
AB∂B(
√−gΨ). (6)
At each level of the self-consistent iteration, these equa-
tions are used to update hydrodynamic variables {h, uα}
by substituting values from the previous iteration level
to the right hand sides.
4Finally, to close our formulation for the present calcu-
lations, we set arbitrary functions following Newtonian
studies on magnetized rotating stars [30]. The functions
At(Aφ), Λ(Aφ), [
√−gΛφ](Aφ), and [√−gΨ](Aφ) are cho-
sen as follows:
At(Aφ) = −ΩcAφ, (7)
Λ(Aφ) = −ΛcAφ − E , (8)
[
√−gΛφ](Aφ) = aΛ
k + 1
(Aφ −Amaxφ )k+1Θ(Aφ −Amaxφ ),(9)
[
√−gΨ](Aφ) = aΨ
q + 1
(Aφ −Amaxφ )q+1Θ(Aφ −Amaxφ ),(10)
where Ωc, Λc, E aΛ, k, aΨ, and q are constants, Amaxφ
is the maximum value of Aφ at the stellar surface, and
Θ(x) is the Heaviside function. In the above choice of
functions, the field Aφ is always positive. The constants
Λc, and aΛ are parameters given by hand and control
the magnetic field strength. The constant aΨ and the
exponent q control the meridional flow, where the value
of aΨ is set to a small value so that the flow does not
affect the equilibrium of the star, and q is set to one.
As discussed in [30], the choice of Eq.(7) corresponds to
rigid rotation in the limit of aΨ → 0 and Bφ → 0. Any
other choice of the term as a function of Aφ yields differ-
ential rotation in the same limit. In [30], it is found that
the solutions have comparable strength in the poloidal
and toroidal magnetic field components when the index
is about k = 0.1. Ωc and E are calculated from conditions
imposed on the solution, which fix the values of central
density and axis ratio of the deformed star.
The above set of equations (elliptic equations for the
gravitational and electromagnetic fields and algebraic re-
lations for the hydrodynamic variables) are numerically
solved by self-consistent iteration [31]. In this iteration
scheme, the elliptic equations are recast into integral
equations using the Green function for the flat Lapla-
cian.
The code is developed as part of the cocal (Compact
Object CALculator) code introduced in [32]. In this code,
the Einstein-Maxwell and Maxwell’s equations for the
fields are solved without explicitly imposing axisymme-
try. This allows future extensions of the code to compute
non-axisymmetric structures such as magnetized NS with
tilted poloidal magnetic fields. In the numerical solutions
presented below, the star is covered using 161× 193× 49
equidistant grid points in (r, θ, φ) ∈ [0, R(θ, φ)]× [0, π]×
[0, 2π]. The space Σ is covered by a computational do-
main (r, θ, φ) ∈ [0, 106R0]× [0, π]× [0, 2π] with 385 radial
non-equidistant grid points and the same equidistant θ
and φ grids, where R(θ, φ) represents the stellar surface,
and R0 = R(π/2, φ) the equatorial radius.
Further details of the formulation and numerical
method will be described separately in a forthcoming pa-
per.
Numerical solutions: We use the relativistic virial
theorem for perfect fluid Einstein-Maxwell spacetimes de-
rived in [33] to study the accuracy of solutions, as well as
to quantify the amount of electromagnetic energy. The
relativistic virial theorem is an integral that identically
vanishes,
∫
Σ
(
Ta
a − 1
8pi
Ga
a
)
dV
= 2T + 3Π + M + W + MADM − MK = 0,(11)
where Gab and Tab are the projections of the Einstein and
stress-energy tensors to a hypersurface Σ. For stationary
spacetimes, an equality of the ADM mass and the Komar
mass MADM = MK has been established in [34] (also see
e.g. [26]). The quantities T , Π,M, andW correspond to
the kinetic, internal, electromagnetic, and gravitational
energies in the Newtonian limit and are defined by
T = 1
2
∫
Σ
(ǫ + p)uau
adV, Π =
∫
Σ
p dV, (12)
M = 1
16pi
∫
Σ
(2FaF
a + FabF
ab)dV (13)
W = 1
4pi
∫
Σ
[ψ−4(2D˜a lnψD˜a lnψ − D˜a lnαD˜a lnα)
+ 3
4
(AabA
ab − 2
3
K2) + 1
α
KβaD˜a lnα+
1
4
3R˜ψ−4]dV,(14)
where Fab = γa
αγb
βFαβ is the projection of the Fara-
day tensor onto Σ. Aab and K are the tracefree and
trace parts of the extrinsic curvature Kab, and the tilded
quantities D˜ and 3R˜ are associated with the conformal 3-
metric γ˜ab. The magnetic energy term M contains con-
tributions from the poloidal and toroidal magnetic fields,
for which we respectively define
Mpol = 116pi
∫
Σ
FABF
ABdV, Mtor = 18pi
∫
Σ
FAφF
AφdV.
(15)
Quantities including those defined above for selected
compact star solutions with mixed poloidal and toroidal
magnetic fields are listed in Table I, and corresponding
contours in xz(y = 0)-plane are presented in Fig. 1. In
these models, we choose a polytropic equation of state
p = KρΓ with an adiabatic constant Γ = 2, and set the
parameters in the integrability conditions to (Λc, aΛ) =
(0.8, 0.01) and (0.72, 0.03). In spite of the smallness of
the ratio T/|W | compared to M/|W |, the stars are sig-
nificantly deformed; the magnetic fields affect the hy-
drostatic equilibrium configuration. In these models, the
maximum values of the poloidal B fields are above 1018 G
in cgs Gauss units, (Bmaxpol , B
max
tor ) = (1.69×1018G, 3.11×
1017G) and (1.27× 1018G, 7.56× 1017G) respectively.
The value of the virial integral Ivir = |2T+3Π+M+W |
presented in Table I indicates the deviation of a solution
from magnetic and hydrostationary equilibrium, which
may be caused either by the numerical error, the time
dependence of the solution, or both. Since stationar-
ity is imposed on the set of equations in our formula-
tion, the value should converge to zero as the resolution
increased. Due to limited computational resources, we
haven’t performed convergence tests for these magnetized
models.7 Nonetheless, the fact that the value Ivir/|W | is
7 We have performed convergence tests of the virial integral for
relativistic rotating stars turning off the magnetic field and re-
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FIG. 1. Left and Center: Contours of p/ρ (black), density map for Bφ (red and blue), and vector plots for BA are shown for
models I and II, respectively. Black contours are drawn at the stellar surface and at p/ρ = 0.05 and 0.1. Right: Contours for ψ
(green), density map for β˜y (red and blue), and contours for γ˜xz (blue and red) are shown for model II. Green contours are drawn
in increments of 0.05, starting from 1.2. Blue (red) contours correspond to negative (positive) values, drawn in increments of
0.002. The thick black oval corresponds to the stellar surface. The maximum values of the magnetic field components for the
solutions of the left and center panels are (Bmaxpol , B
max
tor ) = (7.19×10
−2 , 1.32×10−2) and (5.40×10−2 , 3.21×10−2) respectively.
Model R0 Rp/R0 p/ρ M0 MADM J/MADM T/|W | Π/|W | M/|W | Mpol/|W | Mtor/|W | Ivir/|W |
I 11.8 0.662 0.122 1.788 1.551 0.236 6.17E-03 3.05E-01 4.69E-02 4.51E-02 8.69E-04 2.48E-02
II 12.6 0.667 0.122 1.725 1.511 0.191 4.04E-03 3.04E-01 5.17E-02 4.90E-02 2.05E-03 2.70E-02
TABLE I. Values of physical quantities of selected solutions. Quantities with dimensions are in G = c =M⊙ = 4piε0 = 1 units
(e.g. 1M⊙ = 145, 790cm). M0 is the rest mass and Ivir = |2T + 3Π +M+W | is the virial integral.
smaller thanM/|W | suggests that magnetohydrostation-
ary equilibrium is attained in the presented solutions.
The magnetic field becomes stronger as the parameter
Λc increases. The magnitude of the toroidal component
Bφ is controlled by aΛ, but its dependence on aΛ is not
monotonic. Starting from a small value of aΛ, Bφ in-
creases as the value aΛ increases, and Bφ concentrates
near the equatorial surface.
Discussion: The configuration and magnitude of the
magnetic fields in the above equilibrium solutions largely
depend on the choice of arbitrarily specifiable functions
and associated parameters. With our present choice of
the functions (7)-(10) and the chosen range of parame-
ters, the energy of toroidal magnetic fields does not ex-
ceed that of poloidal fields. Such was also the case in
previous Newtonian studies [30], to which we have re-
ferred in choosing the functions (7)-(10). As pointed out
in simulations [16], the stable magnetized configurations
may consist of nearly equal magnitude of poloidal and
toroidal magnetic fields. Some recent studies have suc-
ceeded in constructing such models in the slow rotation
and weak magnetic field limit [13, 38] or in the Newto-
ducing the number of grid points. We have confirmed 2nd order
convergnece for the solutions calculated with the waveless for-
mulation, as well as with the Isenverg-Wilson-Mathews (spatially
conformally flat) formulation [28, 35]. In the result by Kiuchi and
Yoshida [4] for NS with purely toroidal magnetic field, in which
a finite difference scheme is used, a typical value of Ivir/|W | is
about an order of magnitude smaller than our result.
nian limit [39]. It will certainly be possible to find solu-
tions with the toroidal energy nearly equal to, or stronger
than, the poloidal energy in our relativistic calculations
by surveying a variety of the arbitrary functions and their
large parameter space. We will perform such systematic
calculations elsewhere.
In our formulation for the Einstein-Maxwell and
Maxwell’s equations, we only set the time derivatives to
zero and recast them in elliptic equations. This does not
guarantee a solution to be stationary in general. Imposi-
tion of symmetries with respect to vectors tα and φα on
the set of ideal MHD equations guarantees that the so-
lutions are exact stationary and axisymmetric ones. For
more interesting nonaxisymmetric quasiequilibrium data,
such as a magnetized NS whose magnetic axis is tilted
with respect to the rotation axis or a magnetized BNS,
a part of the present code for computing the metric and
electromagnetic field can be used as it is.8 As in our pre-
vious work for BNS [27], such a computation reproduces
initial data in which the radiation content is discarded.
With a rather minor extension of the code, we could also
compute solutions associated with stationary radiations.
The solutions presented in this paper are useful as
initial data sets for numerical simulations [17], as well
as unperturbed states for linear stability analysis (see
8 It is necessary to develop another formulation, such as [36, 37],
and routines to solve it for computing magnetized quasiequilib-
riums.
6e.g. [18]). The search for stable and realistic magnetized
neutron star models is the next step of this work.
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